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We investigate the nonclassicality of an open quantum system using Leggett-Garg inequality (LGI)
which test the correlations of a single system measured at different times. Violation of LGI implies
nonclassical behavior of the open system. We investigate the violation of the Leggett-Garg inequality
for a two level system (qubit) spontaneously decaying under a general non-Markovian dissipative
environment. Our results are exact as we have calculated the two-time correlation functions exactly
for a wide range of system-environment parameters beyond Born-Markov regime.
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I. INTRODUCTION
Quantum physics manifests nonclassical correlations
through the violation of Bell and Leggett-Garg (LG)
inequalities. A renewed interest in the investigation of
Leggett-Garg inequalities has gained momentum within
past few years. The original motivation of the semi-
nal work [1] by Leggett and Garg was to probe quan-
tum coherence in macroscopic systems [2]. It is gen-
erally believed that the quantumness of a large sys-
tem is destroyed by the many-body interactions with
a noisy environment, which is broadly termed as de-
coherence. Inspired by this fact, LG inequalities can
play as an indicator of nonclassicality for open quantum
systems in a dissipative environment [3]. Two classical
assumptions are made in deriving the LG inequalities
(a1)macrorealism: macroscopic systems are always in a
definite state with well-defined pre-existing value, and
(a2) noninvasive measurability: this pre-existing value
can be measured in a non-invasive way, that is, without
disturbing the subsequent dynamics of the system. Vi-
olation of Leggett-Garg inequalities (LGI) in the quan-
tum regime indicate nonclassical behavior of the system
due to the existence of superposition states violating as-
sumption (a1) and/or due to the measurement induced
collapse of state that violates assumption (a2). The first
experimental violation of LGI was demonstrated in [4] af-
ter which the LGI violation was probed in a diverse range
of physical systems, for example, photonic systems [5–8],
nuclear magnetic resonance [9, 10], phosphorus impuri-
ties in silicon [11], nitrogen-vacancy defect in diamond
[12], and most recently in superconducting flux qubit [13].
Also, quantum violation of LGI has been studied theo-
retically in a variety of systems like electrons in quantum
dot [14–16], optomechanical system [17], using quantum
nondemolition measurement applied to atomic ensemble
[18], oscillating neutral kaons and neutrino oscillations
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[19, 20], and even in biological light-harvesting protein
complex [21, 22].
Violation of LGI [23] is associated to the nonclassi-
cal dynamics and measurement correlations in the quan-
tum system. Realistic quantum systems are open to un-
avoidable interaction with its surrounding environment
that act as a source of decoherence and dissipation, re-
sulting to the loss of quantumness of the system. This
loss of quantumness of the open quantum system can
be probed through the LG inequality that acts as wit-
ness of nonclassicality. In the past, the LGI violation
has been discussed for closed systems [1, 2, 6–13, 18–
20]. The violations of the LG inequality was also in-
vestigated for open systems in the Born-Markov limit
[4, 5, 14–17, 21–26]. Earlier, we have investigated the
violation of the Leggett-Garg inequality for a two level
system under decoherence in a non-Markovian dephas-
ing environment [27]. Here we extend these results to
a dissipative system-environment coupling outside the
Born-Markov regime. In the present paper, we consider
a two-level system (qubit) spontaneously decaying un-
der a non-Markovian bosonic environment. The non-
Markovian characteristic of the model is discussed else-
where [28, 29] in great detail. We briefly discuss the
model and the method to calculate the non-Markovian
two-time correlation functions for the two-level system
and its dynamical loss of quantumness through Leggett-
Garg inequality. Our analysis is exact and valid both
for weak and strong system-environment couplings, as
we have not performed neither the Born nor the Markov
approximation [31, 32]. Then we present our numerical
results to investigate the Leggett-Garg inequality in var-
ious system-environment parameter regime. Finally, a
conclusion is given at the end.
II. THE MODEL AND EXACT TWO-TIME
CORRELATION FUNCTIONS
We consider a two-level system (qubit) spontaneously
decaying under an environment having a continuum of
modes. The total Hamiltonian of the system plus envi-
2ronment is given by
H = HS +HE +HI (1)
where HS = ~ω0σ+σ− describes the two-level system.
The operators σ+ = |1〉S〈0| and σ− = |0〉S〈1| with
ground state |0〉S , excited state |1〉S , and transition
frequency ω0. The environment Hamiltonian HE =∑
k ~ωkb
†
kbk, which describes a collection of harmonic os-
cillators with Bosonic operators b†k and bk. The interac-
tion Hamiltonian is given by
HI =
∑
k
(
gkσ+ ⊗ bk + g
∗
kσ− ⊗ b
†
k
)
. (2)
Next, we go the interaction picture with respect to H0 =
HS + HE , the time evolution of the total system-plus-
environment state in the interaction picture
d
dt
|Ψ˜(t)〉 = −
i
~
H˜I(t)|Ψ˜(t)〉, (3)
where
H˜I(t) = ~
[
σ+ ⊗ B(t) + σ− ⊗B†(t)
]
(4)
is the interaction picture operator H˜I(t) =
e
iH0t
~ HIe
− iH0t
~ with B(t) =
∑
k gkbke
i(ω0−ωk)t.
We start with an initial product state |Ψ(0)〉 =
(c0|0〉S + c1(0)|1〉S) ⊗ |0〉E , where the environment is
initially in the vacuum state |0〉E. The interaction
Hamiltonian conserves the total particle number, the
Schro¨dinger equation generated by H˜I(t) will be confined
to the subspace spanned by the vectors |0〉S ⊗ |0〉E ,
|1〉S ⊗ |0〉E , and |0〉S ⊗ |k〉E . The exact time evolution
of |Ψ(0)〉 is given by
|Ψ˜(t)〉 = c0|0〉S ⊗ |0〉E + c1(t)|1〉S ⊗ |0〉E
+
∑
k
ck(t)|0〉S ⊗ |k〉E (5)
where |k〉E = b
†
k|0〉E is the state with one particle in
mode k. Note that the amplitude c0 is constant in time
because H˜I(t)|0〉S ⊗ |0〉E = 0. Substituting |Ψ˜(t)〉 from
Eq. (5) into the Schro¨dinger equation (3), one can obtain
an integrodifferential equation for c1(t) as
d
dt
c1(t) = −
∫ t
0
dτg(t − τ)c1(τ), (6)
where g(t− τ) = 〈0|B(t)B†(τ)|0〉E is the two-time corre-
lation function of the reservoir and is given by
g(t− τ) =
∑
k
|gk|
2ei(ω0−ωk)(t−τ)
=
∫
dωJ(ω)ei(ω0−ω)(t−τ). (7)
Here J(ω) is the spectral density of the environment. The
reduced density operator of the system in the interaction
picture ρ˜S(t) = TrE{|Ψ˜(t)〉〈Ψ˜(t)|} is determined by the
function c1(t). We can calculate the exact two-time corre-
lation function 〈σ+(t1)σ−(t2)〉I in the interaction picture
as follows
〈σ+(t1)σ−(t2)〉I
= TrS⊕E
(
U˜ †(t1)σ+U˜(t1)U˜ †(t2)σ−U˜(t2)ρT (0)
)
= TrS⊕E
(
σ+U˜(t1 − t2)σ−U˜(t2)|Ψ(0)〉〈Ψ(0)|U˜ †(t1)
)
= TrS⊕E
(
σ+U˜(t1 − t2)σ−|Ψ˜(t2)〉〈Ψ˜(t1)|
)
(8)
where U˜(t) is the unitary time evolution operator gen-
erated by the Hamiltonian H˜I(t) and U˜(t1 − t2) =
U˜(t1)U˜
†(t2). In Eq. (8), we substitute the time evolved
|Ψ˜(t2)〉 using Eq. (5) to finally obtain
〈σ+(t1)σ−(t2)〉I = c1(t2)c∗1(t1), (9)
where we have used σ+U˜(t1 − t2)σ−|Ψ˜(t2)〉 =
c1(t2)|1〉S ⊗ |0〉E . Another two-time correlation
function 〈σ−(t1)σ+(t2)〉I can also be obtained exactly as
follows
〈σ−(t1)σ+(t2)〉I
= TrS⊕E
(
U˜ †(t1)σ−U˜(t1)U˜ †(t2)σ+U˜(t2)ρT (0)
)
= TrS⊕E
(
σ−U˜(t1 − t2)σ+U˜(t2)|Ψ(0)〉〈Ψ(0)|U˜ †(t1)
)
= TrS⊕E
(
σ−U˜(t1 − t2)σ+|Ψ˜(t2)〉〈Ψ˜(t1)|
)
(10)
Again by substituting |Ψ˜(t2)〉 explicitly in Eq. (10) and
using the fact that σ−U˜(t1− t2)σ+|Ψ˜(t2)〉 = c0c1(t1 −
t2)|0〉S ⊗ |0〉E , one can show
〈σ−(t1)σ+(t2)〉I = |c0|2c1(t1 − t2) (11)
Using the transformation U˜(t) = U †0 (t)U(t) with U0(t)
and U(t) being the unitary time evolution operators gen-
erated by H0 and H respectively, it is then straightfor-
ward to obtain the two-time correlation functions in the
usual Heisenberg picture
〈σ+(t1)σ−(t2)〉 = 〈σ+(t1)σ−(t2)〉I exp{−iω0(t2 − t1)}
= c1(t2)c
∗
1(t1) exp{−iω0(t2 − t1)} (12)
and
〈σ−(t1)σ+(t2)〉 = 〈σ−(t1)σ+(t2)〉I exp{iω0(t2 − t1)}
= |c0|
2c1(t1 − t2) exp{iω0(t2 − t1)} (13)
III. PROBING NON-CLASSICALITY USING
TWO-TIME CORRELATION FUNCTION
Leggett-Garg inequalities test the correlations of a
single system measured at different times for which
we need to calculate the two-time correlation functions
“〈O(tj)O(ti)〉” of an observable O. We can construct the
simplest LGI as follows. Consider the measurement of
3an observable O(t) of a two level system which is found
to take a value +1 or −1, depending on the system be-
ing in state |+〉 or |−〉. Now perform a series of three
set of experimental runs starting from identical initial
condition (at time t = 0) such that in the first set of
runs O is measured at times t1 and t2 = t1 + τ ; in
the second, at t1 and t3 = t1 + 2τ ; in the third at t2
and t3 (where t3 > t2 > t1). The temporal correlations
〈O(tj)O(ti)〉 can be obtained from such measurements.
Leggett and Garg [1] followed the standard classical ar-
gument (assumptions a1 and a2) leading to a Bell-type
inequality, with times ti and tj playing the role of ap-
paratus settings. According to the classical assumption
a1, for any set of runs corresponding to the same initial
state, any individual O(t) has a well-defined pre-existing
value prior to measurement. According to assumption
a2, the value of O(tj) or O(ti) in any pair does not de-
pend on whether any prior or subsequent measurement
has been made on the system, so the joint measurements
O(tj)O(ti) are independent of the sequence in which they
are measured. Hence for classical systems the combina-
tion O(t2)O(t1) +O(t3)O(t2)−O(t3)O(t1) has an upper
bound of +1 and lower bound of −3. Replacing all the
individual product terms in this expression by their av-
erages over the entire ensemble for each sets of runs, one
obtains the following form of LGI
C3 = C21 + C32 − C31 ≤ 1 (14)
Using similar arguments one can derive an LGI for mea-
surements at four different times, t1, t2, t3 and t4 =
t1 + 3τ given by
C4 = C21 + C32 + C43 − C41 ≤ 2 (15)
To avoid possible time-ordering ambiguities [20], we con-
sider the symmetric combination of the two-time corre-
lation functions
Cji = 〈{O(tj), O(ti)}〉/2. (16)
The anticommutator 〈{O(tj), O(ti)}〉/2 =
(O(tj)O(ti) +O(ti)O(tj)) /2 is Hermitian [27, 30].
We investigate the dynamics of the Leggett-Garg in-
equality for a two-level system under spontaneous decay,
with the measurement operator O = σx and the two-time
correlators given by Eq. (16). Consequently, the two-time
correlation function C21 is given by
C21 = 〈σx(t2)σx(t1) + σx(t1)σx(t2)〉/2 (17)
=
1
2
{〈σ+(t1)σ−(t2)〉+ 〈σ−(t1)σ+(t2)〉
+ 〈σ+(t2)σ−(t1)〉+ 〈σ−(t2)σ+(t1)〉}
as the two-time correlation functions 〈σ−(t1)σ−(t2)〉 and
〈σ+(t1)σ+(t2)〉 vanish for any pair of time t1 and t2.
Then combining Eqs. (12), (13) and (17) we have
C21 = Re{c1(t2)c
∗
1(t1)e
−iω0(t2−t1) + (18)
|c0|
2c1(t2 − t1)e
−iω0(t2−t1)},
since 〈σ+(t2)σ−(t1)〉 and 〈σ−(t2)σ+(t1)〉 are the complex
conjugates of 〈σ+(t1)σ−(t2)〉 and 〈σ−(t1)σ+(t2)〉 respec-
tively.
IV. PHYSICAL REALIZATION, RESULTS AND
DISCUSSION
We consider Lorentzian spectral density of the envi-
ronment which is widely used in the context of non-
Markovian open quantum systems recently [3, 33, 34]
J(ω) =
1
2pi
γλ2
(ω0 − ω −∆)2 + λ2
, (19)
where γ describes the coupling strength, λ is the spectral
width and ∆ is the detuning. For this J(ω), the exact
probability amplitude c1(t) of Eq. (6) can be solved an-
alytically
c1(t)=c1(0)e
− 1
2
(λ−i∆)t
(
cosh
dt
2
+
λ− i∆
d
sinh
dt
2
)
(20)
where d =
√
(λ− i∆)2 − 2γλ. With the spectral den-
sity specified, the correlation functions C21, C32, C43,
and C41 can then be calculated exactly from Eq. (18).
We show the exact dynamics of Leggett-Garg inequal-
ity, specifically we plot C4 for a wide range of system-
environment parameters. The initial environment state
is considered to be in the thermal equilibrium state and
the system is arbitrarily chosen to |Ψ〉 = 1√
2
(|+〉+ |−〉),
hence ρS(0) = |Ψ〉〈Ψ|. Here |+〉 and |−〉 are the eigen-
states of σx. In Fig. 1, we show the dynamics of Leggett-
Garg inequality as a function of time τ for different
system-environment coupling strengths γ at a fixed cutoff
frequency Λ = 5ω0 and detuning ∆ = 0. For simplicity,
we also set ω0t1 = 0. Different curves represent differ-
ent coupling strengths, namely γ = 0.01 (blue), γ = 0.1
(black), γ = 0.3 (red), and γ = 0.5 (green). For weak
system-reservoir coupling, the system shows nonclassical
behavior (violation of LGI) as a function of measurement
intervals τ . The violation of LGI is reduced and limited
to a very short measurement intervals τ as one increases
the coupling strength, the nonclassicality of the open sys-
tem eventually vanishes. Next in figure 2, we show the
dynamics of C4 with different cutoff frequency λ. We plot
C4 as a function of τ for four different values of λ = ω0
(blue), λ = 5ω0 (black), λ = 10ω0 (red), and λ = 40ω0
(green). The other parameters are taken as γ = 0.5,
∆ = 10ω0, and ω0t1 = 0. We observe (Fig. 2) a reduced
violation of Leggett-Garg inequality as we increase the
cutoff frequency of the spectral density. For higher values
of λ, the system dynamics goes beyond classical descrip-
tion (violation of LGI) for short measurement intervals
τ . In Figure 3, we examine the effect of varying detuning
∆ on the dynamics of Leggett-Garg inequality. The dy-
namics of C4 is shown with four different values of ∆ = 0
(blue), ∆ = 5ω0 (black), ∆ = 10ω0 (red), and ∆ = 50ω0
(green). The other parameters are taken as γ = 0.2,
λ = 5ω0, and ω0t1 = 0. This indicate that an enhanced
nonclassicality or LGI violation when the reservoir spec-
tral density is detuned (∆≫ ω0) from system frequency.
The LGI violation also depends on the initial time t1 of
the first measurement. We also have studied numerically
4the effect of varying t1 on the dynamics of Leggett-Garg
inequality. It is observed that the nonclassicality of the
open system will be wiped out if we allow the system
to evolve under the environment for a long time before
performing the measurements.
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FIG. 1. (Color online) We show the dynamics of Leggett-
Garg inequality for different system-environment coupling
strengths. We plot C4 as a function of τ for four different
values of γ = 0.01 , γ = 0.1 , γ = 0.3 , γ = 0.5. The other
parameters are taken as ω0t1 = 0, Λ = 5ω0, and ∆ = 0.
0 2 4 6 8 10−3
−2
−1
0
1
2
3
C
4
ω0τ
 
 λ = ω0
λ = 5ω0
λ = 10ω0
λ = 40ω0
FIG. 2. (Color online) We show the dynamics of Leggett-
Garg inequality for different cutoff frequency λ. We plot C4
as a function of τ for four different values of λ = ω0 , λ =
5ω0 , λ = 10ω0 , λ = 40ω0. The other parameters are taken
as ω0t1 = 0, γ = 0.5, and ∆ = 10ω0.
For experimental investigation of the nonclassicality or
quantumness through Leggett-Garg inequality, we pro-
pose to consider a two level quantum emitter (a solid
state qubit) positioned close to a two-dimensional metal-
dielectric interface [35–37] keeping in mind the physical
motivation to consider Lorentzian spectral density. The
quantum emitter coupled to the metal-surface electro-
magnetic modes can be described by the Hamiltonian
(1), and the problem can be solved exactly using Wigner-
Weisskopf approach as discussed in Sec. II. Dynamics of
the excited-state population and reversible coherent dy-
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FIG. 3. (Color online) We show the effect of varying detuning
∆ on the dynamics of Leggett-Garg inequality. We plot C4
as a function of τ for four different values of ∆ = 0 , ∆ =
5ω0 , ∆ = 10ω0 , ∆ = 50ω0. The other parameters are taken
as ω0t1 = 0, γ = 0.2, and λ = 5ω0.
namics for this physical system was studied recently [36]
but our main focus in this work is on two-time correlation
functions and probing nonclassicality using Leggett-Garg
inequality. The spectral density of the metal-surface elec-
tromagnetic field is strongly modified in presence of the
quantum emitter. A recent research revealed [36] that
with small enough separation between the quantum emit-
ter and the metal-dielectric interface, the spectral density
(which comprises information about the density of the
surface electromagnetic field, and also the coupling be-
tween quantum emitter and the metal surface) can take
a form of the Lorentzian distribution.
V. CONCLUSION
In summary, we have used Leggett-Garg inequality as a
nonclassicality witness for an open quantum system. We
investigate the dynamical loss of quantumness through
Leggett-Garg inequality for a two level system (qubit)
spontaneously decaying under a general non-Markovian
dissipative environment. Our analysis is exact as we
have calculated the two-time correlation functions ex-
actly without using Born-Markov approximations. We
show the exact dynamics of Leggett-Garg inequality for
a wide range of system-environment parameters. Further
experimental investigations are required to explore the
nonclassicality of open quantum systems using two-time
correlation functions which are experimentally measur-
able.
ACKNOWLEDGMENTS
M. M. Ali acknowledges the support from the Ministry
of Science and Technology of Taiwan and the Physics Di-
vision of National Center for Theoretical Sciences, Tai-
5wan. P.-W. Chen would like to acknowledge support from the Excellent Research Projects of Division of Physics,
Institute of Nuclear Energy Research, Taiwan.
[1] A. J. Leggett and A. Garg, Phys. Rev. Lett. 54, 857
(1985).
[2] A. J. Leggett, J. Phys.: Condens. Matter 14, R415
(2002).
[3] H.-P. Breuer and F. Petruccione, The theory of Open
Quantum Systems, (Oxford University Press, Oxford,
2002).
[4] A. Palacios-Laloy et al., Nat. Phys. 6, 442 (2010).
[5] J.-S. Xu, C.-F. Li, X.-B. Zou, and G.-C. Guo, Sci. Rep.
1, 101 (2011).
[6] J. Dressel, C. J. Broadbent, J. C. Howell, and A. N.
Jordan, Phys. Rev. Lett. 106, 040402 (2011).
[7] M. E. Goggin, M. P. Almeida, M. Barbieri, B. P. Lanyon,
J. L. O’Brien, A. G. White, and G. J. Pryde, Proc. Natl
Acad. Sci. 108, 1256 (2011).
[8] Y. Suzuki, M. Iinuma, and H. F. Hofmann, New J. Phys.
14, 103022 (2012).
[9] V. Athalye, S. S. Roy, and T. S. Mahesh, Phys. Rev. Lett.
107, 130402 (2011).
[10] A. M. Souza, I. S. Oliveira, and R. S. Sarthour, New J.
Phys. 13, 053023 (2011).
[11] G. C. Knee et al., Nat. Commun. 3, 606 (2012).
[12] G. Waldherr, P. Neumann, S. F. Huelga, F. Jelezko, and
J. Wrachtrup, Phys. Rev. Lett. 107, 090401 (2011).
[13] G. C. Knee, K. Kakuyanagi, M.-C. Yeh, Y. Matsuzaki,
H. Toida, H. Yamaguchi, S. Saito, A. J. Leggett, and W.
J. Munro, Nat. Commun. 7, 13253 (2016).
[14] N. Lambert, C. Emary, Y. N. Chen, and F. Nori, Phys.
Rev. Lett. 105, 176801 (2010).
[15] N. S. Williams and A. N. Jordan, Phys. Rev. Lett. 100,
026804 (2008).
[16] R. Ruskov, A. N. Korotkov, and A. Mizel, Phys. Rev.
Lett. 96, 200404 (2006).
[17] N. Lambert, R. Johansson, and F. Nori, Phys. Rev. B
84, 245421 (2011).
[18] C. Budroni et al. Phys. Rev. Lett. 115, 200403 (2015).
[19] D. Gangopadhyay, D. Home, and A. S. Roy, Phys. Rev.
A 88, 022115 (2013).
[20] J. A. Formaggio, D. I. Kaiser, M. M. Murskyj, and T. E.
Weiss, Phys. Rev. Lett. 117, 050402 (2016).
[21] M. M. Wilde, J. M. McCracken, and A. Mizel, Proc. R.
Soc. A 466, 1347 (2010).
[22] C.-M. Li, N. Lambert, Y.-N. Chen, G.-Y. Chen, and F.
Nori, Sci. Rep. 2, 885 (2012).
[23] C. Emary, N. Lambert and F. Nori, Rep. Prog. Phys. 77,
016001 (2014).
[24] G.-Y. Chen, S.-L. Chen, C.-M. Li, and Y.-N. Chen, Sci.
Rep. 3, 2514 (2013).
[25] C. Emary, Phys. Rev. A 87, 032106 (2013).
[26] M.  Lobejko, J.  Luczka and J. Dajka, Phys. Rev. A 91,
042113 (2015).
[27] P.-W. Chen, and M. M. Ali, Sci. Rep. 4, 6165 (2014).
[28] E. M. Laine, J. Piilo, and H.-P. Breuer, Phys. Rev. A 81,
062115 (2010).
[29] Z. Y. Xu, W. L. Yang, and M. Feng, Phys. Rev. A 81,
044105 (2010).
[30] T. Fritz, New J. Phys. 12, 083055 (2010).
[31] M. O. Scully and M. S. Zubairy, Qauntum Optics, (Cam-
bridge University Press, Cambridge, UK, 1997).
[32] H. J. Carmichael, Statistical Methods in Quantum Optics
1, (Springer, Berline, 1999).
[33] H.-P. Breuer, E. M. Laine and J. Piilo, Phys. Rev. Lett.
103, 210401 (2009).
[34] H.-P. Breuer, E.-M. Laine, J. Piilo, and B. Vacchini, Rev.
Mod. Phys. 88, 021002 (2016).
[35] A. G. Tudela, F. J. Rodr´ıguez, L. Quiroga, and C. Teje-
dor, Phys. Rev. B 82, 115334 (2010).
[36] A. G. Tudela, P. A. Huidobro, L. M. Moreno, C. Tejedor,
F. J. G. Vidal, Phys. Rev. B 89, 041402 (2014).
[37] G.-Y. Chen, Sci. Rep. 6, 21673 (2016).
